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Let n51 and B52: A real-valued function f deﬁned on the n-simplex Dn is
approximately convex with respect to DB1 if
f
XB
i¼1
tixi
 !
4
XB
i¼1
tif ðxiÞ þ 1
for all x1; . . . ; xB 2 Dn and all ðt1; . . . ; tBÞ 2 DB1: We determine the
extremal function of this type which vanishes on the vertices of Dn: We also
prove a stability theorem of Hyers–Ulam type which yields as a special case the
best constants in the Hyers–Ulam stability theorem for e-convex functions. # 2002
Elsevier Science (USA)
Key Words: convex functions; approximately convex functions; Hyers–Ulam
theorem; best constants.1. INTRODUCTION
Let U be a convex subset of a real vector space. Then a function f : U ! R
is e-convex iff
f ðð1 tÞx þ tyÞ4ð1 tÞf ðxÞ þ tf ðyÞ þ e
for all t 2 ½0; 1	 and x; y 2 U : In 1952, Hyers and Ulam [6] proved that any e-
convex function on a ﬁnite dimensional convex set can be approximated by
a convex function. Since then several authors have considered the problem
of improving the constants in this stability theorem. (See the book [5] for the
complete history.) Here we ﬁnd the best constants.1To whom correspondence should be addressed.
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DILWORTH ET AL.2Theorem 1.1. Suppose that U 
 Rn is convex and that f : U ! R is e-
convex. Then there exist convex functions g; g0 : U ! R such that
gðxÞ4f ðxÞ4gðxÞ þ kðnÞe and j f ðxÞ  g0ðxÞj4kðnÞe
2
for all x 2 U ; where
kðnÞ ¼ blog2 nc þ
2ðn þ 1 2blog2 ncÞ
n þ 1 :
Moreover, kðnÞ is the best constant in these inequalities.
The value kð2Þ ¼ 5=3 was ﬁrst obtained by Green [4]. The value
kð2n  1Þ ¼ n was obtained by a different argument in [3]. Note that
kð3Þ ¼ 2; kð4Þ ¼ 12=5; kð5Þ ¼ 8=3; kð6Þ ¼ 20=7; kð7Þ ¼ 3; etc. These values
improve the constants obtained by Cholewa [1]. The best constants
corresponding to kðnÞ for approximately midpoint-convex functions were
obtained in [2].
Our methods give the best constants for a more general stability theorem.
To explain this we ﬁx some notation. The standard n-simplex Dn is deﬁned
by
Dn ¼ ðxð0Þ; . . . ; xðnÞÞ:
Xn
j¼0
xð jÞ ¼ 1; xð jÞ50; 04j4n
( )
:
The vertices of Dn are denoted by eð jÞ ð04j4nÞ: For x 2 Dn; the set f04
j4n: xð jÞ=0g is denoted by supp x: Fix B52 and n51; and let U be a
convex subset of Rn: We say that a function f : U ! R is approximately
convex with respect to DB1 iff
f
XB
i¼1
tixi
 !
4
XB
i¼1
tif ðxiÞ þ 1
for all x1; . . . ; xB 2 U and all ðt1; . . . ; tBÞ 2 DB1: When B ¼ 2 this is just the
deﬁnition of 1-convex and by rescaling properties of e-convex function
reduce to those of 1-convex functions.
In Section 2, we consider real-valued functions with domain Dn that are
approximately convex with respect to DB1: We show that there exists an
extremal such function satisfying the following: (i) E is approximately
convex with respect to DB1; (ii) E vanishes on the vertices of Dn; (iii) if
f : U ! R is approximately convex with respect to DB1 and satisﬁes
f ðeð jÞÞ40 for j ¼ 0; . . . ; n; then f ðxÞ4EðxÞ for all x 2 Dn: Moreover, we
obtain an explicit formula for E; and we show that E is concave and
EXTREMAL APPROXIMATELY CONVEX FUNCTIONS 3piecewise-linear on Dn and continuous on the interior of Dn: We also
calculate the maximum value of E:
In Section 3, we prove a stability theorem of Hyers–Ulam type for
approximately convex functions and show that the maximum value of the
extremal function E gives the best constant in this theorem. The special case
of B ¼ 2 is Theorem 1.1.
More information about approximately convex functions and stability
theorems can be found in the book [5]. Our earlier paper [2] gives a thorough
treatment of extremal approximately midpoint-convex functions and related
results.
Finally, we remark on why the proofs for approximately convex functions
are shorter and simpler than in the case of approximately midpoint-convex
functions in [2]. An approximately convex function deﬁned on an open set is
easily seen to be locally bounded. However, the existence of non-measurable
solutions to the functional equation f ðx þ yÞ ¼ f ðxÞ þ f ðyÞ shows that there
are approximately midpoint-convex functions deﬁned on all of Rn that are
unbounded, both above and below, on every non-empty open subset of Rn:
Thus, the extremal approximately midpoint-convex function on the simplex
Dn; corresponding to E of Theorem 2.1 in the current paper, is not pointwise
largest in the set of all approximately midpoint-convex functions vanishing
on the vertices of Dn; but only extremal in the set of Borel measurable
approximately midpoint-convex functions vanishing on the vertices of Dn:
These measure theoretic considerations are a major reason for the more
complicated proofs in [2].
2. EXTREMAL APPROXIMATELY CONVEX FUNCTIONS
Deﬁne a function E :Dn ! R as follows (recall that sgn 0 ¼ 0 and sgn a ¼
a=jaj if a=0):
EðxÞ ¼ min
Xn
j¼0
mð jÞxð jÞ:
Xn
j¼0
sgn xð jÞ
Bmð jÞ
41; mð jÞ50; mð jÞ 2 N
( )
: ð2:1Þ
If x 2 Dn then xð jÞ50 and so sgn xð jÞ is either 0 or 1. Note that if A ¼
supp x; then
EðxÞ ¼ min
X
j2A
mð jÞxð jÞ:
X
j2A
1
Bmð jÞ
41; mð jÞ50; mð jÞ 2 N
( )
: ð2:2Þ
Proposition 2.1. Eðeð jÞÞ ¼ 0 for all j and E is approximately convex
with respect to DB1:
DILWORTH ET AL.4Proof. It is clear from (2.2) that EðxÞ50 for all x and that Eðeð jÞÞ ¼ 0
for all j: Suppose that x 2 Dn and that x ¼
PB
k¼1 tkxk for some x1; . . . ; xB 2
Dn: Let A ¼ supp x and Ak ¼ supp xk; and note that A 

SB
k¼1 Ak: For each
14k4B; we have
EðxkÞ ¼
X
j2Ak
mkð jÞxkð jÞ
for some ðmkð jÞÞj2Ak such that
P
j2Ak 1=B
mkð jÞ41: For j 2 A; let Cð jÞ ¼
f14k4B: j 2 Akg and let
Mð jÞ ¼ minfmkð jÞ: k 2 Cð jÞg:
Note that
1
BMð jÞþ1
¼ 1
B
1
BMð jÞ
4
1
B
X
k2Cð jÞ
1
Bmkð jÞ
:
Thus, X
j2A
1
BMð jÞþ1
4
X
j2A
1
B
X
k2Cð jÞ
1
Bmkð jÞ
4
1
B
XB
k¼1
X
j2Ak
1
Bmkð jÞ
41:
Hence
E
XB
k¼1
tkxk
 !
¼ EðxÞ4
X
j2A
ð1þ Mð jÞÞxð jÞ
¼
X
j2A
ð1þ Mð jÞÞ
XB
k¼1
tkxkð jÞ
¼ 1þ
XB
k¼1
tk
X
j2A
Mð jÞxkð jÞ
¼ 1þ
XB
k¼1
tk
X
j2Ak
Mð jÞxkð jÞ
(since Ak 
 A if tk=0)
41þ
XB
k¼1
tk
X
j2Ak
mkð jÞxkð jÞ
¼ 1þ
XB
k¼1
tkEðxkÞ:
Thus, E is approximately convex with respect to DB1: ]
EXTREMAL APPROXIMATELY CONVEX FUNCTIONS 5Lemma 2.1. If mð jÞ51 for each 04j4n and Pnj¼0 1=Bmð jÞ41; then
f0; 1; . . . ; ng is the disjoint union of sets P1; . . . ;PB such that
X
j2Pk
1
Bmð jÞ
4
1
B
for k ¼ 1; . . . ;B:
Proof. Without loss of generality, we may assume that 14mð0Þ4mð1Þ
4   4mðnÞ: We shall prove that the result holds for all n51 by induction
on N ¼Pnj¼0 mð jÞ: Note that the result is vacuously true if N ¼ 1 and is
trivial if n4B: So suppose that N52 and that n > B; so that n  1 >
B  151: By the inductive hypothesis, f0; 1; . . . ; n  1g is the disjoint union
of sets F1; . . . ;FB such that
X
j2Fk
1
Bmð jÞ
4
1
B
for k ¼ 1; . . . ;B: SincePn1j¼0 1=Bmð jÞ51; and since 14mð0Þ4mð1Þ4   4
mðnÞ; there exists k0 such that
X
j2Fk0
1
Bmð jÞ
4
1
B
 1
Bmðn1Þ
4
1
B
 1
BmðnÞ
: ð2:3Þ
Put Pk0 ¼ Fk0 [ fng and Pk ¼ Fk for k=k0 to complete the induction. ]
Theorem 2.1. E is extremal, that is if h : Dn ! R is approximately
convex with respect to DB1 and hðeð jÞÞ40 for j ¼ 0; 1; . . . ; n; then
hðxÞ4EðxÞ for all x 2 Dn:
Proof. Let s ¼ jsupp xj; so that 14s4n þ 1: The proof is by induction
on s: If s ¼ 1 then x ¼ eð jÞ for some j; so that
EðxÞ ¼ Eðeð jÞÞ ¼ 05hðeð jÞÞ ¼ hðxÞ:
By the inductive hypothesis, we suppose that hðxÞ4EðxÞ whenever jsupp xj
5s: Now suppose that s52 and that jsupp xj ¼ s: Without loss of
generality, we may assume that supp x ¼ f0; . . . ; s  1g; so that EðxÞ ¼Ps1
j¼0 mð jÞxð jÞ; where
Ps1
j¼0 1=B
mð jÞ41:Note that each mð jÞ51 since s52:
If
Ps1
j¼0 1=B
mð jÞ41=B; let P1 ¼ f0; . . . ; s  2g; P2 ¼ fs  1g; and
Pk ¼ | for 25k4B: Note that jPkj5s for 14k4B and that
P
j2Pk 1=B
mð jÞ
41=B:
DILWORTH ET AL.6On the other hand, if
Ps1
j¼0 1=B
mð jÞ > 1=B; then applying Lemma 2.1 with
n ¼ s 1; we can write f0; 1; . . . ; s 1g as the disjoint union of sets P1; . . . ;
PB such that
P
j2Pk 1=B
mð jÞ41=B for each 14k4B: Note that this implies
that jPkj5s for 14k4B:
If Pk=|; let xk ¼ ð1=tkÞ
P
j2Pk xð jÞeð jÞ; where tk ¼
P
j2Pk xð jÞ: If Pk ¼ |;
let xk ¼ eð0Þ and let tk ¼ 0: Thus x ¼
PB
k¼1 tkxk; where tk50 andPB
k¼1 tk ¼ 1: Note that
jsupp xkj ¼ maxf1; jPkjg5s ð14k4BÞ:
If Pk=|; then mð jÞ51 for all j 2 Pk; and
P
j2Pk 1=B
mð jÞ141: Since
jsupp xkj5s; our inductive hypothesis implies that hðxkÞ4EðxkÞ: Finally,
hðxÞ ¼ h
XB
k¼1
tkxk
 !
41þ
XB
k¼1
tkhðxkÞ41þ
X
Pk=|
tkEðxkÞ
4 1þ
X
Pk=|
tk
X
j2Pk
ðmð jÞ  1Þxkð jÞ
¼ 1þ
X
Pk=|
X
j2Pk
ðmð jÞ  1Þxð jÞ
¼ 1þ
Xs1
j¼0
mð jÞxð jÞ 
Xs1
j¼0
xð jÞ
¼
Xs1
j¼0
mð jÞxð jÞ ¼ EðxÞ:
This completes the induction. ]
Following the convention that x logB x ¼ 0 when x ¼ 0; the entropy
function F : Dn ! R is deﬁned as follows:
FðxÞ ¼ 
X
xð jÞlogB xð jÞ:
Proposition 2.2. F is approximately convex with respect to DB1 and
satisfies
FðxÞ4EðxÞ4FðxÞ þ 1 ðx 2 DnÞ:
Proof. Let x 2 Dn: A standard Lagrange multiplier calculation yields
FðxÞ ¼ min
X
j2A
yð jÞxð jÞ:
X
j2A
1
Byð jÞ
41; yð jÞ50
( )
; ð2:4Þ
EXTREMAL APPROXIMATELY CONVEX FUNCTIONS 7where A ¼ supp x: Using (2.4) in place of (2.2), minor changes in the proof
of Proposition 2.1 show that F is approximately convex with respect to
DB1: Suppose that
FðxÞ ¼
X
j2A
yð jÞxð jÞ ð2:5Þ
for some yð jÞ50 satisfying Pj2A 1=Byð jÞ41: Let mð jÞ ¼ dyð jÞe: ThenP
j2A 1=B
mð jÞ41; and so
EðxÞ4
X
j2A
mð jÞxð jÞ4
X
j2A
ðyð jÞ þ 1Þxð jÞ ¼ FðxÞ þ 1:
On the other hand, since F is approximately convex with respect to DB1; it
follows from Theorem 2.1 that FðxÞ4EðxÞ: ]
Recall that a face of a compact convex set A is an intersection of A with
any of its supporting hyperplanes. An open face is the interior of a face in the
minimal afﬁne space containing it. When A is a simplex, the faces of A are
just the sub-simplices of A.
Proposition 2.3.
(i) E is piecewise-linear and the restriction of E to each open face of Dn is
continuous.
(ii) E is lower semi-continuous;
(iii) E is concave.
Proof. To prove that E is piecewise linear it is enough to show that E is
piecewise linear on the interior Dn8 of Dn: For then by an induction on n we
will have that E is piecewise linear on Dn8 and the induction hypothesis
implies that it is piecewise linear when restricted to any of the faces of Dn;
which implies that E is piecewise linear on Dn: For ﬁxed n and B let
Fðn;BÞ :¼ ðm0; . . . ;mnÞ: mk 2 N;
Xn
k¼0
1
Bmk
41
( )
be the set of feasible ðn þ 1Þ-tuples. For ðm0; . . . ;mnÞ 2Fðn;BÞ let
Lðm0;...;mnÞ : Dn ! R be the linear function
Lðm0;...;mnÞðx0; . . . ; xnÞ ¼ m0x0 þ m1x1 þ    þ mnxn
so that E : Dn ! R is given by
EðxÞ ¼ minfLðm0;...;mnÞðxÞ: ðm0 . . . ;mnÞ 2Fðn;BÞg:
DILWORTH ET AL.8Let
Eðn;BÞ :¼ fðm0; . . . ;mnÞ 2Fðn;BÞ:
Lðm0;...mnÞðxÞ ¼ EðxÞ for some x 2 Dn8g
be the set of extreme ðn þ 1Þ-tuples. Then
EjDn8ðxÞ ¼ minfLðm0;...;mnÞðxÞ: ðm0; . . . ;mnÞ 2 Eðn;BÞg
and therefore showing that EjDn8 is piecewise linear is equivalent to showing
that Eðn;BÞ is ﬁnite.
Lemma 2.2. Let ðm0; . . . ;mnÞ 2 Eðn;BÞ and ðm00; . . . ;m0nÞ 2Fðn;BÞ with
m0k4mk for 04k4n: Then ðm00; . . . ;m0nÞ ¼ ðm0; . . . ;mnÞ:
Proof. For if not then there is an index k with m0k5mk: As all the
components of x ¼ ðx0; . . . ; xnÞ are positive on Dn8 this implies that on
x 2 Dn8
EðxÞ4Lðm0
0
;...m0nÞðxÞ ¼ Lðm0;...;mnÞðxÞ þ Lðm00;...;m0nÞðxÞ  Lðm0;...;mnÞðxÞ
4Lðm0;...;mnÞðxÞ þ ðm0k  mkÞxk5Lðm0;...;mnÞðxÞ:
This contradicts that for ðm0; . . . ;mnÞ 2 Eðn;BÞ there is an x 2 Dn8 with
Lðm0;...;mnÞðxÞ ¼ EðxÞ: ]
Let Permðn þ 1Þ be the group of permutations of f0; 1; . . . ; ng: Then it is
easily checked that Eðn;BÞ is invariant under the action of Permðn þ 1Þ
given by sðm0;m1; . . . ;mnÞ ¼ ðmsð0Þ;msð1Þ; . . . ;msðnÞÞ: Therefore, if Enðn;BÞ
is the set of monotone decreasing elements of Eðn;BÞ; that is
Enðn;BÞ :¼ fðm0; . . . ;mnÞ 2 Eðn;BÞ: m05m15   5mng;
then
Eðn;BÞ ¼ fsðm0; . . . ;mnÞ: ðm0; . . . ;mnÞ 2 Enðn;BÞ; s 2 Permðn þ 1Þg
and to show that Eðn;BÞ is ﬁnite it is enough to show that Enðn;BÞ is ﬁnite.
Lemma 2.3. Suppose that n50: Let m05m15   5mn be a non-
increasing sequence of ðn þ 1Þ positive integers, and let C be a positive real
number such that
Xn
k¼0
1
Bmk
4C;
EXTREMAL APPROXIMATELY CONVEX FUNCTIONS 9and such that if m00;m
0
1; . . . m
0
n are any positive integers with m
0
k4mk for
04k4n; then
Xn
k¼0
1
Bm
0
k
4C
implies that ðm00; . . . m0nÞ ¼ ðm0; . . . ;mnÞ: (We will say that ðm0; . . . mnÞ is
extreme for ðn;CÞ:) Let
Z ¼ Zðn;CÞ :¼ minfj52: CB j5n þ Bg:
Then mn5Zðn;CÞ: (The explicit value of Z is Zðn;CÞ ¼
maxf2; dlogBððn þ BÞ=CÞeg:)
Proof. From the deﬁnition of Z we have Z52 and CBZ5n þ B which is
equivalent to
n þ 1
BZ
4C  1
BZ1
þ 1
BZ
:
Assume, toward a contradiction, that mn5Z: Then
1
Bm0
þ    þ 1
Bmn1
þ 1
Bmn
4
n þ 1
BZ
4C  1
BZ1
þ 1
BZ
:
This can be rearranged to give
1
Bm0
þ    þ 1
Bmn1
þ 1
BZ1
4C þ 1
BZ
 1
Bmn
4C:
This contradicts that ðm0; . . . ;mnÞ is ðn;CÞ extreme and completes the
proof. ]
We now prove Enðn;BÞ is ﬁnite. First some notation. For positive integers
l1; . . . ; lj let Cðl1; . . . ; ljÞ :¼ 1
Pj
i¼1 1=B
lj : If ðm0; . . . ;mnÞ 2 Enðn;BÞ then
by Lemma 2.2 (and with the terminology of Lemma 2.3) for each j with
14j4n the tuple ðm0; . . . ;mnjÞ is ðn  j;Cðmnjþ1; . . . ;mnÞÞ extreme, and
ðm0; . . . ;mnÞ itself is ðn; 1Þ extreme. Therefore, by Lemma 2.3, mn5Zðn; 1Þ;
whence there are only a ﬁnite number of possible choices for mn: For each of
these choices of mn we can use Lemma 2.3 again to get mn15Zðn  1;
CðmnÞÞ; and so there are only ﬁnitely many choices for the ordered pair
ðmn1;mnÞ: And for each of these pairs ðmn1;mnÞ we have that there are
only ﬁnitely many possibilities for mn2: Continuing in this manner it
follows that Enðn;BÞ is ﬁnite. This completes the proof that EDnS is piecewise
linear and thus point (i) of Proposition 2.3.
DILWORTH ET AL.10To prove point (ii) let A be a nonempty subset of f0; 1; . . . ; ng: In proving
point (i) we have seen that there is a ﬁnite collection LðAÞ of linear
mappings L : Dn ! R; each one of the form LðxÞ ¼
P
j2A mð jÞxð jÞ for
some nonnegative integers mð jÞ; j ¼ 0; 1; . . . ; n; withPj2A 1=Bmð jÞ41; such
that
EðxÞ ¼ minfLðxÞ:L 2LðAÞg ð2:6Þ
for all x 2 Dn such that supp x ¼ A: Clearly, we may also assume that
LðBÞ 
LðAÞ whenever A 
 B: Suppose that ðxiÞ1i¼1 
 Dn and that xi ! x
as i ! 1: Note that supp x 
 supp xi for all sufﬁciently large i; so that
Lðsupp xiÞ 
Lðsupp xÞ for all sufﬁciently large i: Thus,
EðxÞ ¼minfTðxÞ: T 2Lðsupp xÞg
¼ lim
i!1
minfTðxiÞ: T 2Lðsupp xÞg
4 lim inf
i!1
minfTðxiÞ: T 2Lðsupp xiÞg
¼ lim inf
i!1
EðxiÞ:
Thus, E is lower semi-continuous.
Finally, we prove point (iii). It follows from (2.6) that the restriction of E
to the interior of any face is the minimum of a ﬁnite collection of linear
functions, and hence is continuous and concave. The lower semi-continuity
of E forces E to be concave on all of Dn: ]
Remark 2.1. The algorithm implicit in the proof that Enðn;BÞ is ﬁnite is
rather effective for small values of n: In the case of most interest, when B ¼ 2
so that S ¼ D1; it can be used to show
Enð2; 2Þ ¼ fð2; 2; 1Þg; Enð3; 2Þ ¼ fð3; 3; 2; 1Þ; ð2; 2; 2; 2Þg
Enð4; 2Þ ¼ fð4; 4; 3; 2; 1Þ; ð3; 3; 2; 2; 2Þg;
Enð5; 2Þ ¼ fð5; 5; 4; 3; 2; 1Þ; ð3; 3; 3; 3; 2; 2Þg:
When n ¼ 2 this leads to the explicit formula
Eðx; y; 1 x  yÞ ¼ minf1þ x þ y; 2 x; 2 yg
for 05x51 y51: (cf. Fig. 1). The sets Enðn; 2Þ can be used to give
messier, but equally explicit formulas, for higher values of n: ]
00.20.40.60.81
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FIG. 1. Graph of z ¼ Eðx; y; 1 x  yÞ for B ¼ 2 over the simplex 04y41 x41 showing
the discontinuity along the boundary. On the boundary E has the value 1 except at the three
vertices where it has the value 0:
EXTREMAL APPROXIMATELY CONVEX FUNCTIONS 11Proposition 2.4. The maximum of E is given by
kðn;BÞ ¼ blogB nc þ
dBðn þ 1 BblogB ncÞ=ðB  1Þe
n þ 1 ð2:7Þ
For small values of B and n; kSðnÞ is given in Table I.
Proof. E is a symmetric function of xð0Þ; . . . ; xðnÞ and E is also concave.
Thus E achieves its maximum at the barycenter %x ¼ ð1=ðn þ 1ÞÞPnj¼0 eð jÞ:
So there exist nonnegative integers mð jÞ ( j ¼ 0; 1; . . . ; n) such that
Eð %xÞ ¼ ð1=ðn þ 1ÞÞPnj¼0 mð jÞ and Pnj¼0 1=Bmð jÞ41: We may also assume
that ðmð jÞÞnj¼0 have been chosen to minimize
Pn
j¼0 1=B
mð jÞ among all
possible choices of ðmð jÞÞnj¼0: Suppose that there exist i and k such that
mðkÞ5mðiÞ þ 2: Note that
1
BmðiÞþ1
þ 1
BmðkÞ1
4
2
BmðiÞþ1
4
B
BmðiÞþ1
5
1
BmðiÞ
þ 1
BmðkÞ
: ð2:8Þ
TABLE I
Values of kðn;BÞ for 24B411 and 14n410
n
B 1 2 3 4 5 6 7 8 9 10
2 1.0 1.6667 2.0000 2.4000 2.6667 2.8571 3.0000 3.1111 3.4000 3.5455
3 1.0 1.0 1.5000 1.6000 1.8333 1.8571 2.0000 2.0000 2.2000 2.2727
4 1.0 1.0 1.0 1.4000 1.5000 1.5714 1.7500 1.7778 1.8000 1.9091
5 1.0 1.0 1.0 1.0 1.3333 1.4286 1.5000 1.5556 1.7000 1.7273
6 1.0 1.0 1.0 1.0 1.0 1.2857 1.3750 1.4444 1.5000 1.5455
7 1.0 1.0 1.0 1.0 1.0 1.0 1.2500 1.3333 1.4000 1.4545
8 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.2222 1.3000 1.3636
9 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.2000 1.2727
10 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.1818
11 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0
DILWORTH ET AL.12Thus replacing mðiÞ by mðiÞ þ 1 and replacing mðkÞ by mðkÞ  1 leaves
ð1=ðn þ 1ÞÞPnj¼0 mð jÞ unchanged while it reduces Pnj¼0 1=Bmð jÞ; which
contradicts the choice of ðmð jÞÞnj¼0: Thus jmðiÞ  mðkÞj41 for all i; k: It
follows that there exist integers ‘50 and 14s4n þ 1 such that
kðn;BÞ ¼ ‘ðn þ 1 sÞ þ ð‘þ 1Þs
n þ 1 ¼ ‘þ
s
n þ 1 ð2:9Þ
and
n þ 1 s
B‘
þ s
B‘þ1
41: ð2:10Þ
Moreover, it is clear from (2.9) that ‘ is the least nonnegative integer
satisfying (2.10) for some 14s4n þ 1; i.e.
‘ ¼ blogB nc:
For this value of ‘ it is clear from (2.9) that s is the smallest integer in the
range 14s4n þ 1 satisfying (2.10), i.e.
s ¼ Bðn þ 1Þ  B
‘þ1
B  1
 	
¼ B
B  1 ðn þ 1 B
‘Þ
 	
:
Substituting these values for ‘ and s into (2.9) gives (2.7). ]
EXTREMAL APPROXIMATELY CONVEX FUNCTIONS 133. BEST CONSTANTS IN STABILITY THEOREMS OF
HYERS–ULAM TYPE
Hyers and Ulam [6] introduced the following deﬁnition. Fix e > 0: A
function f : U ! R; where U is a convex subset of Rn; is e-convex if
f ðtx þ ð1 tÞyÞ4tf ðxÞ þ ð1 tÞf ðyÞ þ e
for all x; y 2 U and all t 2 ½0; 1	:
Note that f is e-convex if and only if ð1=eÞf is approximately convex
with respect to D1: So let us generalize this notion by deﬁning f to
be e-convex with respect to DB1 if ð1=eÞf is approximately convex
with respect to DB1:
The proof of the following theorem is adapted from Cholewa’s proof [1]
of the Hyers–Ulam stability theorem for e-convex functions.
Theorem 3.1. Suppose that U 
 Rn is convex and that f : U ! R is e-
convex with respect to DB1: Then there exist convex functions g; g0 : U ! R
such that
gðxÞ4f ðxÞ4gðxÞ þ kðn;BÞe and j f ðxÞ  g0ðxÞj4kðn;BÞe
2
for all x 2 U : Moreover, kðn;BÞ is the best constant in these in-
equalities.
Proof. By replacing f by f =e; we may assume that e ¼ 1: Set W ¼
fðx; yÞ 2 U  R: y5f ðxÞg 
 Rnþ1 and deﬁne g by
gðxÞ ¼ inffy: ðx; yÞ 2 CoðWÞg: ð3:1Þ
Clearly, 14gðxÞ4f ðxÞ: Suppose that ðx; yÞ 2 CoðWÞ: By Caratheo-
dory’s Theorem (see e.g. [7, Theorem 17.1]) there exist n þ 2 points
ðx0; y0Þ; . . . ; ðxnþ1; ynþ1Þ 2 W such that ðx; yÞ 2 D :¼ Coðfðx0; y0Þ; . . . ;
ðxnþ1; ynþ1ÞgÞ: Let %y ¼ minfZ: ðx; ZÞ 2 Dg: Then ðx; %yÞ lies on the boundary
of D and so it is a convex combination of n þ 1 of the points ðx0; y0Þ; . . . ;
ðxnþ1; ynþ1Þ: Without loss of generality, ðx; %yÞ ¼
Pn
j¼0 tjðxj ; yjÞ for some
ðt0; . . . ; tnÞ 2 Dn: Note that
h
Xn
j¼0
xð jÞeð jÞ
 !
:¼ f
Xn
j¼0
xð jÞxj
 !

Xn
j¼0
xð jÞf ðxjÞ ðx 2 DnÞ
is approximately convex with respect to DB1 and satisﬁes hðeð jÞÞ ¼ 0 for
DILWORTH ET AL.14j ¼ 0; 1; . . . ; n: By Proposition 2.4, maxx2Dn hðxÞ4kðn;BÞ: Thus,
y5 %y ¼
Xn
j¼0
tjyj ¼
Xn
j¼0
tjf ðxjÞ
¼ f
Xn
j¼0
tjxj
 !
 h
Xn
j¼0
tjeð jÞ
 !
5f
Xn
j¼0
tjxj
 !
 kðn;BÞ
¼ f ðxÞ  kðn;BÞ:
Taking the inﬁmum over all y yields gðxÞ5f ðxÞ  kðn;BÞ; i.e. f ðxÞ4gðxÞ þ
kðn;BÞ: Finally, set g0ðxÞ ¼ gðxÞ þ kðn;BÞ=2:
The fact that kðn;BÞ is the best constant follows by taking f to be E;
where E is the extremal approximately convex function (with respect to
DB1) with domain Dn: ]
Setting B ¼ 2 in Theorem 3.1, gives the best constants in the Hyers–Ulam
stability theorem and completes the proof of Theorem 1.1.
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